We prove that for any primes p 1 ; . . . ; p s there are only finitely many numbers
INTRODUCTION
Almost all known results on difference sets need severe restrictions on the parameters. The main purpose of this paper is to provide an asymptotic nonexistence result free from any assumptions on the parameters. The only assumption we make is that the underlying group is dihedral.
Difference sets originally mainly were studied in cyclic groups where they exist in abundance. For example, for any prime power n; there is a difference set in the cyclic group of order n 2 þ n þ 1; namely, the so-called Singer difference set, see [2] . It is a very interesting phenomenon that the situation changes completely if one switches from cyclic groups to dihedral groups. No nontrivial difference set in any dihedral group has been found yet.
Conjecture 1. There is no nontrivial difference set in any dihedral group.
In the next section, we will see the reason for the probable nonexistence of dihedral difference sets: Putative difference sets in dihedral groups can be decomposed into two ''orthogonal parts'' corresponding to the two cosets of the subgroup of index two. The orthogonality of these two parts seems to be a too strong condition to admit solutions. It can be checked that a similar decomposition is impossible for all known difference sets in cyclic groups. This explains why difference sets in cyclic groups and dihedral groups behave so differently.
Difference sets in dihedral groups were thoroughly studied in [3] . The main result obtained there is the following.
Result 2. If there is a nontrivial difference set of order n in a dihedral group, then n ¼ u 2 for an odd integer u and jðuÞ=u51=2 where j denotes the Euler totient function. In particular, u has at least three distinct prime divisors, and if u has exactly three distinct prime divisors p 1 ; p 2 ; p 3 ; then fp 1 ; p 2 ; p 3 g 2 ff3; 5; 7g; f3; 5; 11g; f3; 5; 13gg:
The main result we obtain in the present paper is quite different and of asymptotic nature: For any primes p 1 ; . . . ; p s ; there are at most finitely many n of the form Q s i¼1 p a i i ; a i 2 Z þ ; which can be orders of difference sets in dihedral groups.
The central tool for the proof is the general bound on the absolute value of cyclotomic integers from [6, Theorem 4.2] . A combination of this bound with a substantial refinement of the arguments in [3] and careful number theoretic analysis yields the desired result. A similar asymptotic result for Hadamard difference sets has been obtained in [5, Theorem 6 .1], but there the proof follows directly from the bound for the algebraic integers, whereas the asymptotic result of the present paper needs substantial additional analysis.
In the final section, we obtain a nonexistence result for dihedral difference sets which is particularly useful for small cases. We use it to show that with one possible exception there is no dihedral difference set of order n410 6 :
PRELIMINARIES
In this section, we review the known facts which are needed in this paper. Let G be a multiplicatively written group of order v: A ðv; k; l; nÞ difference set is a k-subset D of G such that any nonidentity element of G has exactly l representations as a quotient of two elements of D: The nonnegative integer n ¼ k À l is called the order of D: We will only consider nontrivial difference sets, i.e. difference sets with n > 1: We will also assume k5v=2 which is possible without loss of generality since D is a ðv; k; l; nÞ difference set in G if and only if G=D is a ðv; v À k; v À 2k þ lÞ-difference set in G:
Given a difference set D; one can construct a finite geometry with point set G and block set fDg : g 2 Gg with the property that any two blocks meet in exactly l points, see [2] . A difference set thus should be viewed as a concise description of a finite geometry.
When we study difference sets in a group G; we usually use the language of the group ring Z½G: For X ¼ P a g g 2 Z½G; we write jX j ¼ P a g and X ðtÞ ¼ P a g g t : Let 1 be the identity element of G: For r 2 Z we write r for the group ring element r Á 1; and for S & G we write S instead of P g2S g: Using the group ring notation, a k-subset of a group G of order v is a ðv; k; l; nÞ-difference set in G if and only if
The following lemma from [3] is crucial for the study of difference sets in dihedral groups. By G n we denote group of all characters w : G ! C of a finite abelian group G: The trivial character is denoted by w 0 : For a subgroup H of G n ; we write
for a subgroup U of G: Note that wðgÞ is a complex tth root of unity for all w 2 G n and all g 2 G where t ¼ exp G: We write x t ¼ e 2pi=t : Any character can be extended naturally to a mapping Z½G ! Z½x t by linearity. For the basics on characters and difference sets, we refer the reader to [2, VI, Section 3]. We will make repeated use of the following.
Result 4 (Fourier inversion). Let G be a finite abelian group and A ¼ P g2G a g g 2 Z½G: Then the coefficients a g are determined by the character values of A through
From Lemma 3 and the Fourier inversion, we get the following. 
In [3, Theorem 4] and its proof the following was shown. 
( Let DðnÞ be the set of prime divisors of n: For q 2 DðnÞ and i 2 f1; . . . ; tg; let Bði; qÞ be the smallest positive integer such that one of the following conditions is satisfied: The properties of the function F ðm; nÞ just defined are crucial for the proof of our asymptotic result in the next section. Note that F ðm; nÞ and m have the same prime divisors since b i is positive for all i: The following result was proved in [5] . The next result essentially is contained in [6] .
Result 10. Let X be of the form
with 04a i 4C for some constant C: Let f be a divisor of m which has the same prime divisors as m: If X 2 Z½x f and if n :¼ X % X X is an integer, then
Proof. i ; a i 2 Z þ ; which can be orders of dihedral difference sets. We start with a general lemma. By ½x we denote the largest integer 4x:
Lemma 12. Let G be a finite abelian group, and let X be an element of Z½G with nonnegative coefficients. Assume that jwðX Þj 2 2 f0; ng for some positive integer n and all nontrivial characters w of G: Let N be the number of nontrivial characters w with jwðX Þj 2 ¼ n:
where e ¼ jX j=jGj À ½jX j=jGj:
0 is attained if and only if a g 2 fy; y þ 1g for all g 2 G; see [4] . In that case, the number of g's with a g ¼ y þ 1 is ev:
On the other hand, since P a 2 g is the coefficient of 1 in XX ðÀ1Þ ; we have
by the Fourier inversion formula. The lemma follows by combining (3) and (4) . ]
Notation 13. The following notation will be used throughout this section. In the situation of Lemma 6, write 2c ¼ 2 aþb c 1 c 2 ; where c 1 ; c 2 are odd divisors of u À 1 and u þ 1; respectively, and 2 a j ðu À 1Þ; 2 b j ðu þ 1Þ: As c is even, we may assume a51 and b51: 
Lemma 14. 
Let r : C m ! C m =GðdÞ be the canonical epimorphism.
Hence,
Since ðc À 1Þ=2u and ðm=d À uðu þ c À 1Þ=2Þ are both positive, we get : Using (9) and (10), inclusion-exclusion, and the well-known formula
In the same way, we estimate jB \ U j and get
Let w be a character of C m of order m; and let W be the subgroup of C 
Using Result 7, it is straightforward to check that
Combining the last two estimates gives Proof. It will be sufficient to deal with the case, where a i 51 for all i: We will only treat the case t 1 ¼ 1: The case t 2 ¼ 1 can be done in exactly the same way by adjusting some signs and indices.
In the following, when we say that a number x depending on u ''is bounded, ' 
By Lemma 18 there is a constant E such that F ðu 1 u 2 u; uÞ j E for all u's which are products of powers of the p i : Since u 0 j F ðu 1 u 2 u; uÞ Á P we have u 0 j EP :
Using t 2 5u; P j jðq 1 Á Á Á q s Þ and (15) we get 4u=t 2 5ðu=jðuÞÞðE=jðY ÞÞ and thus u t 2 is bounded:
Combining (15) with the fact that u5ðu þ c þ 1Þ=2 ¼ 2 bÀ1 c 2 u 2 t 2 ; we deduce 44 u jðuÞ
Since u 0 j EP ; we can replace u 0 by EP in (17) and get
From (18), we see that jðq 1 Á Á Á q s Þ=P is bounded. Also, since P j jðq 1 Á Á Á q s Þ we see from (18) that jðY Þ is bounded. Thus
We shall see later that (18) actually also forces all q i 's to be bounded. Using our table of identities in Notation 13, we obtain
For 14'4s; we define
Note that Qð1Þ5P =u 2 : As u is odd, Qð'Þ5Qð1Þ
where
By (20) and the definition of Qð'Þ; we have
(Here it is understood that when ' ¼ 1;
is positive and thus 5Qð'Þ: This implies
52sðq 'þ1 À 1Þ Á Á Á ðq s À 1Þ using Lemma 19 with x ¼ q ' À 1 and the fact that the q i 's are ascending.
Here the product on the right-hand side has to be interpreted as 1 if ' ¼ s: In particular, we have
Combining this with (22), we get
ASYMPTOTIC NONEXISTENCE OF DIFFERENCE SETS Together with (21) this gives
Therefore,
Combining this with (18), we obtain
u jðuÞ
Recalling that 
FURTHER NONEXISTENCE RESULTS
After the asymptotic analysis of the last section, we now provide a result which is useful in dealing with cases where n is small. We will also update the list of open cases with n410 6 from [3] . We will need the following wellknown results of Turyn [7] . where t is the number of distinct prime divisors of v 1 :
The following is an immediate consequence of the orthogonality relations, see [2, p. 314 
Proof. Let A and B be defined as in Result 7. Let w be a character of C m of order m and assume w 2 A: Let p 2 T and write w ¼ gw 0 ; where g has order p and w 0 is of order m=p: Note that p and m=p are coprime by assumption. We will show w 0 2 A: 
